The study tests whether realised moments of stock returns (mean, variance, skewness and kurtosis) computed from daily returns over the last month, quarter and year can predict the 1-month cross-sectional stock returns of 40 US-traded liquid stocks in the period 1986-2019. The performed univariate regression analysis confirmed a statistically significant positive effect between all the realised moments, computed over the last quarter and year, and the future 1-month crosssectional stock returns, while the 1-month realised moments proved to be mostly insignificant. Multivariate analysis, performed with Elastic Net Regression, has confirmed that investment strategies utilising information from realised moments were able to significantly outperform a random investment in the out-sample period 2004-2019.
Introduction
The goal of the presented study is to assess whether realised moments of past stock price returns can be used to predict cross-section of stock returns in the 1month horizon and whether a portfolio constructed by using information from realised moments is able to statistically significantly outperform a random investment.
The momentum effect of the realised mean on future stock returns is a well-known anomaly in finance. The statistically significant effect of cross-sectional momentum was studied in the works of Jegadeesh and Titman (1993) and Jegadeesh and Titman (2002) , while the effect of single time-series momentum is studied in Moskowitz (2012) or Bird et al. (2016) .
The effect of realised variance on future stock returns has been widely discussed in literature. While the positive effect of the systematic part of the variance on future returns is commonly acknowledged, the effect of the idiosyncratic variance is less clear, with Ang et al. (2006) reporting a negative effect, while Xu and Malkiel (2004) identifying a positive effect.
In recent years, multiple studies have reported statistically significant effects of realised skewness and kurtosis on future returns. Amaya et al. (2015) identified a significant negative effect of weekly realised skewness, computed from highfrequency data, on the cross-sectional performance of stocks over the next week, with a weaker positive effect identified also for the realised kurtosis. Liu et al. (2014) present a noise-robust high-frequency estimator of realised skewness, confirm its predictive power with respect to the 1-month US stock returns, and link it to the time-variability of the market risk premium. Shen et al. (2018) , on the other hand, do not find a statistically significant effect of realised skewness on 1day returns of individual stocks.
In the presented study, we will evaluate the effect of the realised mean, variance, skewness and kurtosis, computed from daily returns over a monthly, quarterly and yearly aggregation period, on the expected cross-sectional returns of stocks in the following month. The analysis is performed on the portfolio of 40 highly liquid US-traded stocks that either were, or currently are, a part of the DJIA index.
In addition to the univariate analysis, the Elastic Net Regression model (Zhou and Hastie, 2005) is estimated with all of the realised moments as potential predictors, and the performance of portfolio investing according to the predictions of the model is compared with equal-weight and random investments.
The rest of the study is organised as follows. In Section 2 we define the realised moments used in the rest of the study. Section 3 explains the computation of crosssectional normalised returns and moments. Section 4 explains the Elastic Net Regression model. In Section 5 the dataset is discussed, while Sections 6 and 7 contain the univariate and multivariate analyses, respectively. The conclusion contains a summary of the main findings
Realised Moments
Realised moments represent estimates of the return moments on some lower frequency (in our case monthly, quarterly and yearly), computed from returns on a higher frequency (in our case daily).
Let us define as the end time of the aggregation period (month, quarter or year), comprising of trading days indexed = 1, … , .
The logarithmic return during day can be defined as:
where denotes the logarithm of the closing price on day .
The realised mean at time over the aggregation period of size , ending at , is equal to the total return over , computed as a sum of the daily returns:
while the realised variance is:
where , denotes the daily average return over the period ending at :
.
(4)
In addition to the realised variance, we will also use the realised volatility:
and the volatility adjusted mean:
The realised skewness is further defined as:
and the realised kurtosis as:
Often-used approximation in financial econometrics assumes that , = 0. In accordance with Amaya et al. (2015) we therefore also define the zero-mean versions of the moments above.
Zero-mean realised variance is:
zero-mean realised volatility:
zero-mean realised skewness:
and zero-mean realised kurtosis:
Within the empirical study covered in the following sections, the realised moments are computed for the monthly ( = 22), quarterly ( = 66) and yearly ( = 264) aggregation period and used as predictors of the future 1-month cross-sectional stock returns.
Cross-Sectional Moments and Returns
As the goal of the study is to predict relative cross-sectional returns of stocks regardless of the movements of the overall market, the moments and returns need to be normalised over the whole portfolio consisting of stocks.
Let us denote as , , the return of the stock , for = 1, … , , in the day , for = 1, … , , in the aggregation period ending at , consisting of days. Unlike the moments, returns will always be predicted for a monthly horizon, i.e. for = 22, and we thus omit in the notation.
The total return of the stock over the period can be computed as:
The average stock return in the period is computed as:
and the volatility of the stock returns in the period is computed as:
The normalised relative return of the stock in the period is then:
In the same way, the predictor variables (i.e. realised moments defined in the previous section) can be normalised as well.
We define , , as a given predictor computed for the stock at the aggregation period , consisting of trading days.
The mean value of the predictor value can be defined as:
and its volatility as:
The normalised value of the predictor value for the stock at the period is then:
Elastic Net Regression
The Elastic Net Regression (Zhou and Hastie, 2005 ) is a linear regression-based method that combines the Ridge regression penalisation on the 2 norm of the parameter vector to reduce overfitting, and the LASSO regression penalisation on the 1 norm of the parameter vector to perform variable selection.
The parameter estimates are computed with the following optimisation:
where denotes the vector of targets, is the matrix of predictors, and is the vector of regression parameters.
Meta-parameters 2 and 1 express the strength of the penalisation on the 2 and the 1 norm of the parameter vector, respectively. Within the performed study they are determined with 10-fold cross-validation and run on the in-sample period of the data with the goal of maximising the in-sample mean squared error of the predictions.
Data
The utilised dataset consists of daily prices of stocks that either were, or currently are, a part of the DJIA stock index and that were tradable during the whole period from the start of 1986 until the end of January 2019. Former DJIA components were included into the dataset in order to partially alleviate the possible survivorship bias of the sample (the stocks that remained in DJIA are the relatively better performing ones, which might favour contrarian investment strategies). In cases where the company that used to be in DJIA was subject to a merger, the stock price of the new merged company was used instead. As a result of the applied selection rules and data constrains, we were left with 40 stocks to be used in the analysis. The list of the stocks can be found in Appendix 1. Data were provided by Yahoo Finance.
Target returns were computed on a monthly basis at the end of each month. The predictors were computed from the daily returns with aggregation periods of 1-month, 3-months and 12-months, proceeding the target month. Source: Authorial computation based on data from Yahoo Finance.
In the first step, a series of univariate regressions was computed between each of the predictors , , * and the normalised returns in the following month +1, * . The estimation was performed over the period 1986-2019 for the portfolio of 40 stocks as defined in Section 5. The results of regressions are shown in Table 1 . Table 1 that most of the realised moments had a statistically significant impact on the relative returns in the 1-month horizon.
It is apparent from
The positive momentum effect of the realised mean is clearly apparent for the 3month and the 12-month aggregation period, while for the 1-month aggregation period, the realised mean has an opposite (i.e. negative) effect on future returns.
The effect of realised volatility on future 1-month returns is positive and significant for the 3-month and 12-month aggregation period. The same is true also for the realised skewness and the realised kurtosis. The type of computation (i.e. whether we apply the assumption that = 0 or not) does not seem to have a dramatic effect on the results of the analysis.
Portfolio Returns
In order to test whether the identified relationships can be used to achieve aboveaverage portfolio returns, the dataset was divided into the in-sample period (1986) (1987) (1988) (1989) (1990) (1991) (1992) (1993) (1994) (1995) (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) and the out-sample period (2004) (2005) (2006) (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) (2016) (2017) (2018) (2019) , and a multi-variate regression model was estimated on the in-sample period with the Elastic Net Regression model. To cope with multicollinearity of some of the predictors, in addition to the raw explanatory variables the model was alternatively applied also to their principal components computed with Principal Component Analysis.
In turn, the following investment strategies were constructed and tested:
1. Long Onlyat the end of each month we enter into long position in 8 stocks (20% of the total number) for which the model predicts the highest normalised return. 2. Long/Shortat the end of each month we enter into long position in 8 stocks for which the model predicts the highest normalised return, and into short position in 8 stocks for which it predicts the lowest normalised return.
As the model gives us only information about which stocks will perform better than others and not what their returns will be, we cannot construct a Short Only strategy.
For the initial evaluation of the performance, the transaction costs (spreads) are omitted and the short positions are assumed to neither bear any additional costs, nor generate proceeds that could be re-invested.
As a primary benchmark strategy, an equal investment in all of the stocks at the start of the out-sample period is considered.
In order to evaluate the significance of the results, 1,000 random strategies (alternatively based on the Long Only or the Long/Short setting) were generated, calculating the score at the end of each month randomly and allocating their investments according to the rules mentioned above. Confidence intervals (95%) were then computed for the cumulative profits. Figures 1 and 2 show the cumulative returns of the Long Only and the Long Short strategy under the setting where the scores were computed with the multivariate Elastic Net Regression applied to the realised moments directly. Figures 3 and  4 show the results for the case where the Principal Component Analysis (PCA) was utilised and the Elastic Net Regression was applied to the principal components. The tested strategies outperformed the Benchmark as well as the upper 95% confidence bound of a random investment. The Long Only strategies exhibited a drop during 2008-2009, but it was lower than for the Benchmark and they managed to systematically outperform the Benchmark over the following years. The Long/Short strategies profited strongly in 2008-2009, with a slightly worse than Benchmark performance in the following years. Table 2 shows the annual returns, volatility and Sharpe ratios for all the strategies. Table 3 shows the statistics in the case when 0.2% spread is assumed for entering into positions. The spread corresponds to the results in Jones (2002) It is apparent that even with a conservative assumption for the spread sizes, the Long Only strategies and the Long/Short (PCA) strategy outperformed the Benchmark.
Conclusion
The study analysed the relationship between realised moments (mean, variance, skewness and kurtosis) computed over the 1-month, 3-month and 12-month period, and the future 1-month cross-sectional stock returns of a portfolio of 40 US-traded stocks in the period from 1986 to 2019. Results of the univariate analysis confirmed the existence of a strong positive relationship between the realised moments computed over the period of 3 or 12 months, and the stock returns in the following month. The 1-month moments were, on the other hand, mostly insignificant with the exception of the volatility-adjusted mean which had a negative effect on future returns. Long Only and Long/Short strategies were proposed, utilising the Elastic Net Regression model estimated between the realised moments and the cross-sectional stock returns in the period 1986-2003. The returns of these strategies significantly outperformed a random investment in the out-sample period (2004) (2005) (2006) (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) (2016) (2017) (2018) (2019) . The results thus confirm that the realised moments contain useful information for stock returns prediction and portfolio investment. 
